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A study on the borderline of practical motivation
and undecidability.



Linguistic Intro: Lambek Grammar

John loves Mary

` N (N \S) /N N → S

the girl whom

i

John loves

ei
` N /CN CN (CN \CN) /(S /N) N (N \S) /N → N︸ ︷︷ ︸

→ S /N
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` N /CN CN (CN \CN) /(N \S) (N \S) /N N → N︸ ︷︷ ︸
→ N \S
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The Lambek Calculus
[Lambek 1958, 1961]

A→ A

Π→ A ∆1,B,∆2 → C

∆1,B /A,Π,∆2 → C
(/→)

Π,A→ B

Π→ B /A
(→ /)

Π→ A ∆1,B,∆2 → C

∆1,Π,A \B,∆2 → C
(\ →)

A,Π→ B

Π→ A \B (→ \)

∆1,A,B,∆2 → C

∆1,A · B,∆2 → C
(· →)

Π1 → A Π2 → B
Π1,Π2 → A · B (→ ·)

Π→ A Γ,A,∆→ C

Γ,Π,∆→ C
(cut)

I Notice: we don’t impose Lambek’s non-emptiness restriction
on the left-hand sides of sequents.

I The cut rule is eliminable [Lambek 1958].
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Unwanted Derivations

*

book which John laughed without reading

` CN (CN \CN) /(S /N) ︸ ︷︷ ︸ → CN
S /N

* girl who John likes Mary and Pete likes

` CN (CN \CN) /(S /N) ︸ ︷︷ ︸ → CN
S /N

(cf. “John likes Mary and Pete likes Kate” → S ; “and” is of type S \ S / S)
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The Lambek Calculus with Brackets

[Morrill 1992, Moortgat 1995]

A→ A

Π→ A ∆(B)→ C

∆(Π,A \B)→ C

A,Π→ B

Π→ A \B
Γ(A,B)→ C

Γ(A · B)→ C

Π→ A ∆(B)→ C

∆(B /A,Π)→ C

Π,A→ B

Π→ B /A
Γ→ A ∆→ B

Γ,∆→ A · B
∆([A])→ C

∆(〈〉A)→ C
Π→ A

[Π]→ 〈〉A
∆(A)→ C

∆([[]−1A])→ C

[Π]→ A

Π→ []−1A

I Brackets introduce controlled non-associativity.

I Cut elimination proved by Moortgat [1996].



The Lambek Calculus with Brackets

[Morrill 1992, Moortgat 1995]

A→ A

Π→ A ∆(B)→ C

∆(Π,A \B)→ C

A,Π→ B

Π→ A \B
Γ(A,B)→ C

Γ(A · B)→ C

Π→ A ∆(B)→ C

∆(B /A,Π)→ C

Π,A→ B

Π→ B /A
Γ→ A ∆→ B

Γ,∆→ A · B
∆([A])→ C

∆(〈〉A)→ C
Π→ A

[Π]→ 〈〉A
∆(A)→ C

∆([[]−1A])→ C

[Π]→ A

Π→ []−1A

I Brackets introduce controlled non-associativity.

I Cut elimination proved by Moortgat [1996].



The Lambek Calculus with Brackets

[Morrill 1992, Moortgat 1995]

A→ A

Π→ A ∆(B)→ C

∆(Π,A \B)→ C

A,Π→ B

Π→ A \B
Γ(A,B)→ C

Γ(A · B)→ C

Π→ A ∆(B)→ C

∆(B /A,Π)→ C

Π,A→ B

Π→ B /A
Γ→ A ∆→ B

Γ,∆→ A · B
∆([A])→ C

∆(〈〉A)→ C
Π→ A

[Π]→ 〈〉A
∆(A)→ C

∆([[]−1A])→ C

[Π]→ A

Π→ []−1A

I Brackets introduce controlled non-associativity.

I Cut elimination proved by Moortgat [1996].



Islands: Blocking Unwanted Derivations Using Brackets

I book which John laughed without reading

CN, (CN \CN) /(S /CN),N,N \S, [[]−1((N \S) \(N \S)) /(N \ S), (N \S) /N]→ CN

This sequent is not derivable.

I girl who John likes Mary and Pete likes

CN, (CN \CN) /(S /CN), [N, (N \ S) /N,N, (S \[]−1S) /S,N, (N \ S) /N]→ CN

Neither is this one.
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Subexponential: Medial Extraction

the girl whom

i

John met

ei

yesterday

. . . (CN \CN) /(S / !N) ︸ ︷︷ ︸ → N
→ S / !N

∆(!A, Γ)→ C

∆(Γ, !A)→ C
(perm1)

∆(A)→ C

∆(!A)→ C
(!→)

N, (N \S) /N,N, (N \S) \(N \S)→ S

N, (N \S) /N, !N, (N \S) \(N \ S)→ S
(!→)

N, (N \S) /N, (N \ S) \(N \S), !N → S
(perm1)

N, (N \S) /N, (N \S) \(N \S)→ S / !N
(→ /)



Subexponential: Medial Extraction

the girl whomi John met ei yesterday

. . . (CN \CN) /(S / !N) ︸ ︷︷ ︸ → N
→ S / !N

∆(!A, Γ)→ C

∆(Γ, !A)→ C
(perm1)

∆(A)→ C

∆(!A)→ C
(!→)

N, (N \S) /N,N, (N \S) \(N \S)→ S

N, (N \S) /N, !N, (N \S) \(N \ S)→ S
(!→)

N, (N \S) /N, (N \ S) \(N \S), !N → S
(perm1)

N, (N \S) /N, (N \S) \(N \S)→ S / !N
(→ /)



Subexponential: Medial Extraction

the girl whomi John met ei yesterday

. . . (CN \CN) /(S / !N)

︸ ︷︷ ︸

→ N
→ S / !N

∆(!A, Γ)→ C

∆(Γ, !A)→ C
(perm1)

∆(A)→ C

∆(!A)→ C
(!→)

N, (N \S) /N,N, (N \S) \(N \S)→ S

N, (N \S) /N, !N, (N \S) \(N \ S)→ S
(!→)

N, (N \S) /N, (N \ S) \(N \S), !N → S
(perm1)

N, (N \S) /N, (N \S) \(N \S)→ S / !N
(→ /)



Subexponential: Medial Extraction

the girl whomi John met ei yesterday

. . . (CN \CN) /(S / !N)

︸ ︷︷ ︸

→ N

→ S / !N

∆(!A, Γ)→ C

∆(Γ, !A)→ C
(perm1)

∆(A)→ C

∆(!A)→ C
(!→)

N, (N \S) /N,N, (N \S) \(N \S)→ S

N, (N \S) /N, !N, (N \S) \(N \ S)→ S
(!→)

N, (N \S) /N, (N \ S) \(N \S), !N → S
(perm1)

N, (N \S) /N, (N \S) \(N \S)→ S / !N
(→ /)



Subexponential: Medial Extraction

the girl whomi John met ei yesterday

. . . (CN \CN) /(S / !N)

︸ ︷︷ ︸

→ N

→ S / !N

∆(!A, Γ)→ C

∆(Γ, !A)→ C
(perm1)

∆(A)→ C

∆(!A)→ C
(!→)

N, (N \ S) /N,N, (N \ S) \(N \S)→ S

N, (N \S) /N, !N, (N \S) \(N \ S)→ S
(!→)

N, (N \S) /N, (N \ S) \(N \S), !N → S
(perm1)

N, (N \S) /N, (N \ S) \(N \ S)→ S / !N
(→ /)



Subexponential: Medial Extraction

the girl whomi John met ei yesterday

. . .

(CN \CN) /(S / !N) ︸ ︷︷ ︸

→ N

→ S / !N

∆(!A, Γ)→ C

∆(Γ, !A)→ C
(perm1)

∆(A)→ C

∆(!A)→ C
(!→)

N, (N \ S) /N,N, (N \ S) \(N \S)→ S

N, (N \S) /N, !N, (N \S) \(N \ S)→ S
(!→)

N, (N \S) /N, (N \ S) \(N \S), !N → S
(perm1)

N, (N \S) /N, (N \ S) \(N \ S)→ S / !N
(→ /)



Subexponential: Medial Extraction

the girl whomi John met ei yesterday
. . . (CN \CN) /(S / !N) ︸ ︷︷ ︸ → N

→ S / !N

∆(!A, Γ)→ C

∆(Γ, !A)→ C
(perm1)

∆(A)→ C

∆(!A)→ C
(!→)

N, (N \ S) /N,N, (N \ S) \(N \S)→ S

N, (N \S) /N, !N, (N \S) \(N \ S)→ S
(!→)

N, (N \S) /N, (N \ S) \(N \S), !N → S
(perm1)

N, (N \S) /N, (N \ S) \(N \ S)→ S / !N
(→ /)



Subexponential: Parasitic Extraction

the paper that

i

John signed

ei

without reading

ei︸ ︷︷ ︸
→ S / !N

∆(!A, Γ)→ C

∆(Γ, !A)→ C
(perm1)

∆(A)→ C

∆(!A)→ C
(!→)

∆(!A, !A)→ C

∆(!A)→ C
(contr)



Subexponential: Parasitic Extraction

the paper thati John signed ei without reading ei

︸ ︷︷ ︸
→ S / !N

∆(!A, Γ)→ C

∆(Γ, !A)→ C
(perm1)

∆(A)→ C

∆(!A)→ C
(!→)

∆(!A, !A)→ C

∆(!A)→ C
(contr)



Subexponential: Parasitic Extraction

the paper thati John signed ei without reading ei︸ ︷︷ ︸
→ S / !N

∆(!A, Γ)→ C

∆(Γ, !A)→ C
(perm1)

∆(A)→ C

∆(!A)→ C
(!→)

∆(!A, !A)→ C

∆(!A)→ C
(contr)



Subexponential: Parasitic Extraction

the paper thati John signed ei without reading ei︸ ︷︷ ︸
→ S / !N

∆(!A, Γ)→ C

∆(Γ, !A)→ C
(perm1)

∆(A)→ C

∆(!A)→ C
(!→)

∆(!A, !A)→ C

∆(!A)→ C
(contr)



Subexponential: Parasitic Extraction

the paper thati John signed ei [without reading ei ]︸ ︷︷ ︸
→ S / !N

∆(!A, Γ)→ C

∆(Γ, !A)→ C
(perm1)

∆(A)→ C

∆(!A)→ C
(!→)

∆(!A, !A)→ C

∆(!A)→ C
(contr)



Subexponential: Parasitic Extraction

the paper thati John signed ei [without reading ei ]︸ ︷︷ ︸
→ S / !N

∆(!A, Γ)→ C

∆(Γ, !A)→ C
(perm1)

∆(A)→ C

∆(!A)→ C
(!→)

∆(!A1, . . . , !An, [!A1, . . . , !An, Γ])→ B

∆(!A1, . . . , !An, Γ)→ B
(contrb)



Subexponential: Parasitic Extraction

the paper thati John signed ei [without reading ei ]︸ ︷︷ ︸
→ S / !N

∆(!A, Γ)→ C

∆(Γ, !A)→ C
(perm1)

∆(A)→ C

∆(!A)→ C
(!→)

∆(!A1, . . . , !An, [!A1, . . . , !An, Γ])→ B

∆(!A1, . . . , !An, Γ)→ B
(contrb)

causes
undecidability



The Lambek Calculus with Subexponential and Bracket
Modalities (!bL1) A→ A Λ→ 1

Γ→ B ∆(C )→ D

∆(C /B, Γ)→ D
(/→)

Γ,B → C

Γ→ C /B
(→ /)

∆(A,B)→ D

∆(A · B)→ D
(· →)

Γ→ A ∆(C )→ D

∆(Γ,A \C )→ D
(\ →)

A, Γ→ C

Γ→ A \C (→ \) Γ1 → A Γ2 → B

Γ1, Γ2 → A · B (→ ·)

∆(Λ)→ A

∆(1)→ A
(1→)

∆([A])→ C

∆(〈〉A)→ C
(〈〉 →) Π→ A

[Π]→ 〈〉A (→ 〈〉)

Γ(A)→ B

Γ(!A)→ B
(!→)

∆(A)→ C

∆([[]−1A])→ C
([]−1→)

[Π]→ A
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(→ []−1)

!A1, . . . , !An → A
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Π→ A ∆(A)→ C

∆(Π)→ C
(cut)

I A fragment of Db!b by Morrill and Valent́ın, 2015.

I Our analysis of syntactic phenomena is due to Morrill, 2011–2017.
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Cut Elimination in !bL1

We use deep cut elimination strategy (cf. Braüner and de Paiva
1996).
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...
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Algorithmic Results

I The derivability problem in !bL
1 is undecidable.

This solves an open question raised by Morrill and Valent́ın, 2015.

I The derivability problem for sequents obeying bracket
non-negative condition belongs to NP.

BNC: any negative occurrence of a !A includes neither a positive

occurrence of []−1C , nor a negative occurrence of a 〈〉C .

Morrill, Valent́ın 2015: an exp-time algorithm, used in the CatLog parser.

NP-complete, as the original Lambek calculus [Pentus 2006].

I Part of a bigger project:

I Kan., Kuz., Sce. FG-2016: undecidability for !L1 (with !,
without brackets).

I Kan., Kuz., Morrill, Sce. FSCD-2017: pseudo-polynomial
algorithm for Lb (with brackets, without !).
(polynomial for formulae of bounded depth)

I Next step? pseudo-polynomial algorithm for !bL1 with
restrictions on !.

(open question)



Algorithmic Results

I The derivability problem in !bL
1 is undecidable.

This solves an open question raised by Morrill and Valent́ın, 2015.

I The derivability problem for sequents obeying bracket
non-negative condition belongs to NP.

BNC: any negative occurrence of a !A includes neither a positive

occurrence of []−1C , nor a negative occurrence of a 〈〉C .

Morrill, Valent́ın 2015: an exp-time algorithm, used in the CatLog parser.

NP-complete, as the original Lambek calculus [Pentus 2006].

I Part of a bigger project:

I Kan., Kuz., Sce. FG-2016: undecidability for !L1 (with !,
without brackets).

I Kan., Kuz., Morrill, Sce. FSCD-2017: pseudo-polynomial
algorithm for Lb (with brackets, without !).
(polynomial for formulae of bounded depth)

I Next step? pseudo-polynomial algorithm for !bL1 with
restrictions on !.

(open question)



Algorithmic Results

I The derivability problem in !bL
1 is undecidable.

This solves an open question raised by Morrill and Valent́ın, 2015.

I The derivability problem for sequents obeying bracket
non-negative condition belongs to NP.

BNC: any negative occurrence of a !A includes neither a positive

occurrence of []−1C , nor a negative occurrence of a 〈〉C .

Morrill, Valent́ın 2015: an exp-time algorithm, used in the CatLog parser.

NP-complete, as the original Lambek calculus [Pentus 2006].

I Part of a bigger project:

I Kan., Kuz., Sce. FG-2016: undecidability for !L1 (with !,
without brackets).

I Kan., Kuz., Morrill, Sce. FSCD-2017: pseudo-polynomial
algorithm for Lb (with brackets, without !).
(polynomial for formulae of bounded depth)

I Next step? pseudo-polynomial algorithm for !bL1 with
restrictions on !.

(open question)



Algorithmic Results

I The derivability problem in !bL
1 is undecidable.

This solves an open question raised by Morrill and Valent́ın, 2015.

I The derivability problem for sequents obeying bracket
non-negative condition belongs to NP.

BNC: any negative occurrence of a !A includes neither a positive

occurrence of []−1C , nor a negative occurrence of a 〈〉C .

Morrill, Valent́ın 2015: an exp-time algorithm, used in the CatLog parser.

NP-complete, as the original Lambek calculus [Pentus 2006].

I Part of a bigger project:

I Kan., Kuz., Sce. FG-2016: undecidability for !L1 (with !,
without brackets).

I Kan., Kuz., Morrill, Sce. FSCD-2017: pseudo-polynomial
algorithm for Lb (with brackets, without !).
(polynomial for formulae of bounded depth)

I Next step? pseudo-polynomial algorithm for !bL1 with
restrictions on !.

(open question)



Algorithmic Results

I The derivability problem in !bL
1 is undecidable.

This solves an open question raised by Morrill and Valent́ın, 2015.

I The derivability problem for sequents obeying bracket
non-negative condition belongs to NP.
BNC: any negative occurrence of a !A includes neither a positive

occurrence of []−1C , nor a negative occurrence of a 〈〉C .

Morrill, Valent́ın 2015: an exp-time algorithm, used in the CatLog parser.

NP-complete, as the original Lambek calculus [Pentus 2006].

I Part of a bigger project:

I Kan., Kuz., Sce. FG-2016: undecidability for !L1 (with !,
without brackets).

I Kan., Kuz., Morrill, Sce. FSCD-2017: pseudo-polynomial
algorithm for Lb (with brackets, without !).
(polynomial for formulae of bounded depth)

I Next step? pseudo-polynomial algorithm for !bL1 with
restrictions on !.

(open question)



Algorithmic Results

I The derivability problem in !bL
1 is undecidable.

This solves an open question raised by Morrill and Valent́ın, 2015.

I The derivability problem for sequents obeying bracket
non-negative condition belongs to NP.
BNC: any negative occurrence of a !A includes neither a positive

occurrence of []−1C , nor a negative occurrence of a 〈〉C .

Morrill, Valent́ın 2015: an exp-time algorithm, used in the CatLog parser.

NP-complete, as the original Lambek calculus [Pentus 2006].

I Part of a bigger project:

I Kan., Kuz., Sce. FG-2016: undecidability for !L1 (with !,
without brackets).

I Kan., Kuz., Morrill, Sce. FSCD-2017: pseudo-polynomial
algorithm for Lb (with brackets, without !).
(polynomial for formulae of bounded depth)

I Next step? pseudo-polynomial algorithm for !bL1 with
restrictions on !.

(open question)



Algorithmic Results

I The derivability problem in !bL
1 is undecidable.

This solves an open question raised by Morrill and Valent́ın, 2015.

I The derivability problem for sequents obeying bracket
non-negative condition belongs to NP.
BNC: any negative occurrence of a !A includes neither a positive

occurrence of []−1C , nor a negative occurrence of a 〈〉C .

Morrill, Valent́ın 2015: an exp-time algorithm, used in the CatLog parser.

NP-complete, as the original Lambek calculus [Pentus 2006].

I Part of a bigger project:

I Kan., Kuz., Sce. FG-2016: undecidability for !L1 (with !,
without brackets).

I Kan., Kuz., Morrill, Sce. FSCD-2017: pseudo-polynomial
algorithm for Lb (with brackets, without !).
(polynomial for formulae of bounded depth)

I Next step? pseudo-polynomial algorithm for !bL1 with
restrictions on !.

(open question)



Algorithmic Results

I The derivability problem in !bL
1 is undecidable.

This solves an open question raised by Morrill and Valent́ın, 2015.

I The derivability problem for sequents obeying bracket
non-negative condition belongs to NP.
BNC: any negative occurrence of a !A includes neither a positive

occurrence of []−1C , nor a negative occurrence of a 〈〉C .

Morrill, Valent́ın 2015: an exp-time algorithm, used in the CatLog parser.

NP-complete, as the original Lambek calculus [Pentus 2006].

I Part of a bigger project:

I Kan., Kuz., Sce. FG-2016: undecidability for !L1 (with !,
without brackets).

I Kan., Kuz., Morrill, Sce. FSCD-2017: pseudo-polynomial
algorithm for Lb (with brackets, without !).
(polynomial for formulae of bounded depth)

I Next step? pseudo-polynomial algorithm for !bL1 with
restrictions on !.

(open question)



Algorithmic Results

I The derivability problem in !bL
1 is undecidable.

This solves an open question raised by Morrill and Valent́ın, 2015.

I The derivability problem for sequents obeying bracket
non-negative condition belongs to NP.
BNC: any negative occurrence of a !A includes neither a positive

occurrence of []−1C , nor a negative occurrence of a 〈〉C .

Morrill, Valent́ın 2015: an exp-time algorithm, used in the CatLog parser.

NP-complete, as the original Lambek calculus [Pentus 2006].

I Part of a bigger project:
I Kan., Kuz., Sce. FG-2016: undecidability for !L1 (with !,

without brackets).

I Kan., Kuz., Morrill, Sce. FSCD-2017: pseudo-polynomial
algorithm for Lb (with brackets, without !).
(polynomial for formulae of bounded depth)

I Next step? pseudo-polynomial algorithm for !bL1 with
restrictions on !.

(open question)



Algorithmic Results

I The derivability problem in !bL
1 is undecidable.

This solves an open question raised by Morrill and Valent́ın, 2015.

I The derivability problem for sequents obeying bracket
non-negative condition belongs to NP.
BNC: any negative occurrence of a !A includes neither a positive

occurrence of []−1C , nor a negative occurrence of a 〈〉C .

Morrill, Valent́ın 2015: an exp-time algorithm, used in the CatLog parser.

NP-complete, as the original Lambek calculus [Pentus 2006].

I Part of a bigger project:
I Kan., Kuz., Sce. FG-2016: undecidability for !L1 (with !,

without brackets).
I Kan., Kuz., Morrill, Sce. FSCD-2017: pseudo-polynomial

algorithm for Lb (with brackets, without !).
(polynomial for formulae of bounded depth)

I Next step? pseudo-polynomial algorithm for !bL1 with
restrictions on !.

(open question)



Algorithmic Results

I The derivability problem in !bL
1 is undecidable.

This solves an open question raised by Morrill and Valent́ın, 2015.

I The derivability problem for sequents obeying bracket
non-negative condition belongs to NP.
BNC: any negative occurrence of a !A includes neither a positive

occurrence of []−1C , nor a negative occurrence of a 〈〉C .

Morrill, Valent́ın 2015: an exp-time algorithm, used in the CatLog parser.

NP-complete, as the original Lambek calculus [Pentus 2006].

I Part of a bigger project:
I Kan., Kuz., Sce. FG-2016: undecidability for !L1 (with !,

without brackets).
I Kan., Kuz., Morrill, Sce. FSCD-2017: pseudo-polynomial

algorithm for Lb (with brackets, without !).
(polynomial for formulae of bounded depth)

I Next step? pseudo-polynomial algorithm for !bL1 with
restrictions on !.

(open question)



Algorithmic Results

I The derivability problem in !bL
1 is undecidable.

This solves an open question raised by Morrill and Valent́ın, 2015.

I The derivability problem for sequents obeying bracket
non-negative condition belongs to NP.
BNC: any negative occurrence of a !A includes neither a positive

occurrence of []−1C , nor a negative occurrence of a 〈〉C .

Morrill, Valent́ın 2015: an exp-time algorithm, used in the CatLog parser.

NP-complete, as the original Lambek calculus [Pentus 2006].

I Part of a bigger project:
I Kan., Kuz., Sce. FG-2016: undecidability for !L1 (with !,

without brackets).
I Kan., Kuz., Morrill, Sce. FSCD-2017: pseudo-polynomial

algorithm for Lb (with brackets, without !).
(polynomial for formulae of bounded depth)

I Next step? pseudo-polynomial algorithm for !bL1 with
restrictions on !. (open question)



Undecidability Proof Sketch

Encoding type-0 grammar derivations (follow Lincoln et al. 1992):

Lemma
The following rule is admissible in !bL

1:

∆1, ! []−1B,∆2,B,∆3 → C

∆1, ! []−1B,∆2,∆3 → C
(inst)

Bi = (u1 · . . . · uk) /(v1 · . . . · vm) encodes the i-th rewriting rule.

!Γ = !B1, . . . , !Bn,

!Γ̃ = ! []−1B1, . . . , ! []−1Bn,

!Φ = !(1 /(!B1)), . . . , !(1 /(!Bn)), and

!Φ̃ = !(1 /(! []−1B1)), . . . , !(1 /(! []−1Bn)).
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Undecidability Proof Sketch

Lemma
The following are equivalent:

1. !bL
1 `!Φ̃, !Γ̃, a1, . . . , an → s;

2. !L1 `!Φ, !Γ, a1, . . . , an → s;

3. !L1 + (weak) `!Γ, a1, . . . , an → s;

4. s ⇒∗ a1 . . . an in the type-0 grammar.

∆1,∆2 → C

∆1, !A,∆2 → C
(weak)
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Thank you !


